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Abstract
This paper presents a new methodology for structural reliability analysis via
stochastic finite element method (SFEM). A novel sample-based SFEM is
firstly used to compute structural stochastic responses of all spatial points
at the same time, which decouples the stochastic response into a combina-
tion of a series of deterministic responses with random variable coefficients,
and solves corresponding stochastic finite element equation through an iter-
ative algorithm. Based on the stochastic response obtained by the SFEM,
the limit state function described by the stochastic response and the mul-
tidimensional integral encountered in reliability analysis can be computed
without any difficulties, and failure probabilities of all spatial points are cal-
culated once time. The proposed method can be applied to high-dimensional
stochastic problems, and one of the most challenging issues encountered in
high-dimensional reliability analysis, known as Curse of Dimensionality, can
be circumvented without expensive computational costs. Three practical ex-
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amples, including large-scale and high-dimensional reliability analysis, are
given to demonstrate the accuracy and efficiency of the proposed method in
comparison to the Monte Carlo simulation.
Keywords: Reliability analysis; Stochastic finite element method; High
dimensions; Stochastic responses
1. Introduction
As a powerful tool to quantify the uncertainty in practical problems,
reliability analysis nowadays has become an indispensable cornerstone for
solving complex problems in many fields [1, 2], such as structural design and
optimization, decision management, etc. Despite the progress in existing
methods of modeling and analysis, the estimation of the failure probability
in reliability analysis is challenging to achieve [3, 4]. On one hand, the mul-
tidimensional integral encountered in reliability analysis for computing the
failure probability often lies in high-dimensional stochastic spaces (hundreds
to more), which is prohibited because of expensive computational costs. On
another hand, the failure region, that is, the region of unacceptable system
performance, is usually complicated and irregular, which leads that the fail-
ure surface is rarely known explicitly and only can be evaluated by numerical
solutions.
Many methods are proposed in order to evaluate multidimensional inte-
grals arising in reliability analysis. The most straightforward method is the
Monte Carlo simulation (MCS), which is based on the law of large numbers
and almost converges to the exact value when the number of samples is large
enough [5]. The MCS doesn’t depend on the dimension of stochastic spaces,
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thus it doesn’t encounter the Curse of Dimensionality. However, the com-
putational cost for estimating a small failure probability is expensive, which
is prohibited in practical complex problems. As a very robust technique, it
is usually used to check the effectiveness of other methods. Some variations
have been proposed to improve the MCS, such as importance sampling, sub-
set simulation, etc [4, 6, 7]. A typically kind of non-sampling methods for reli-
ability analysis are First/Second Order Reliability Method (FORM/SORM)
[8, 9]. These method are based on first/second order series expansion ap-
proximation of the failure surface at the so-called design point, then the
resulting approximate integral is calculated by asymptotic method. Thses
methods generally have good accuracies and efficiencies for low-dimensional
and weakly nonlinear problems, however considerable errors arise in high-
dimensional stochastic spaces and nonlinear failure surfaces [10]. Several
mehtods have been proposed to improve the performance of these methods
[11]. In order to decrease the computational cost for reliability analysis, sur-
rogate model methods are receiving particular attention and continuously
gaining in significance, which are based on a functional surrogate represen-
tation as an approximation of the limit state function. The surrogate model
is constructed in an explicit expression via a set of observed points, then the
failure probability can be estimated with cheap computational costs. The
construction of the surrogate model is crucial, and available surrogate mod-
els include response surface method [12, 13], Kriging method [14], support
vector machine [15], high dimensional model representation [16], polynomial
chaos expansion [17, 18, 19], etc.
In most practical cases, the limit state function in reliability analysis
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builds a relationship between stochastic spaces of input parameters and the
failure probability via the stochastic response of the system [17, 20, 21], thus
the determination of the stochastic response of the system is crucial. For
decades, the stochastic finite element method (SFEM), especially the spec-
tral stochastic finite element method and its extensions [22, 23, 24, 25, 26],
has received particular attentions. As an extension of the classical deter-
ministic finite element method to the stochastic framework, SFEM has been
proven efficient both numerically and analytically on numerous problems in
engineering and science [27]. In this method, the unknown stochastic re-
sponse is projected onto a stochastic space spanned by (generalized) polyno-
mial chaos basis, and stochastic Galerkin method is then adopted to trans-
form the original finite element equation into a deterministic finite element
equation, whose size can be up to orders of magnitude larger than that of
the corresponding stochastic problems [22, 23]. Extrme computational costs
arise as the number of stochastic dimensions and the number of polynomial
chaos expansion terms increase, thus the high resolution solution of SFEM is
still challenging due to the increased memory and computational resources
required, especially for high-dimensional and large-scale stochastic problems
[25, 26].
In this paper, in order to overcome the difficulties encountered in exist-
ing SFEM, we adopt a novel sample-based stochastic finite element method
[28] to compute stochastic responses of target systems. In this method, the
unknown stochastic response is expanded into a combination of a series of
deterministic responses with random variable coefficients described by sam-
ples. More importantly, it can be applied to high-dimensional and large-scale
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stochastic problems with a high accuracy and efficiency. Based on the ob-
tained stochastic response, the limit state function and the multidimensional
integrals in reliability analysis can be computed without any difficulties, and
failure probabilities of all spatial points are calculated once time without
expensive computational costs.
The paper is organized as follows: Section 2 presents a novel sample-
based stochastic finite element method for determining structural stochastic
responses. Reliability analysis based on stochastic responses is described in
Section 3. Following this, the algorithm implementation of the proposed
method is elaborated in Section 4. Three practical problems are used to
demonstrate good performances of the proposed method in Section 5. Some
conclusions and prospects are discussed in Section 6.
2. Stochastic responses determination using SFEM
As an extension of deterministic finite element method (FEM), SFEM
has become a common tool for computing structural stochastic responses
[22, 27]. Modeling random system parameters and environmental sources by
use of random fields [29, 30], it becomes available to integrate discretization
methods for structural responses and random fields to arrive at a system of
stochastic finite element equations as
K (θ)u (θ) = F (θ) (1)
where K (θ) is the stochastic global stiffness matrix representing properties
of the physical model under investigation, u (θ) is the unknown stochastic
response and F (θ) is the load vector associated with the source terms.
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As one of the most important problems of SFEM, it’s a great challenge
to compute the high-precision solution of Eq.(1). Spectral stochastic finite
element method (SSFEM) is a popular method in the past few decades,
which represents the stochastic response through polynomial chaos expansion
(PCE) and transform Eq.(1) into a deterministic finite element equation
by stochastic Galerkin projection [25, 27]. The size of the deterministic
finite element equation is much larger than that of the original problem, thus
expensive computational costs limit SSFEM to low-dimensional stochastic
problems. In order to overcome these difficulties, a novel sample-based SFEM
is developed to solve Eq.(1) in [28], which represents the unknown stochastic
response u (θ) as
u (θ) =
k∑
i=1
λi (θ) di (2)
where {λi(θ)}ki=1 and {di}ki=1 are unknown random variables and unknown de-
terministic vectors, respectivey. Solution u (θ) is approximated after k terms
truncated, and the more terms k retains, the more accurate approximation
can be obtained. In order to compute the couple {λk (θ) , dk}, supposing that
the k−1 terms {λi (θ) , di}k−1i=1 have been obtained and substituting Eq.2 into
Eq.(1) yields,
K (θ)
[
k−1∑
i=1
λi (θ) di + λk (θ) dk
]
= F (θ) (3)
It’s not easy to determine λk (θ) and dk at the same time. In order to avoid
this difficulty, λk (θ) and dk are computed one after another. For determined
random variable λk (θ) (or given as an initial value), dk can be computed by
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using stochastic Galerkin method, which corresponds to
E
{
λk (θ)K (θ)
[
k−1∑
i=1
λi (θ) di + λk (θ) dk
]}
= E {λk (θ)F (θ)} (4)
where E{·} is the expectation operator. Once dk has been determined in
Eq.(4), the random variable λk (θ) can be subsequently computed via multi-
plying dk on both sides of Eq.(3). It yields
dTkK (θ)
[
k−1∑
i=1
λi (θ) di + λk (θ) dk
]
= dTkF (θ) (5)
The couple {λk (θ) , dk} can be computed by repeating Eq.(4) and Eq.(5) until
it converges to the required accuracy. For the practical implementation, dk
is unitized as dTk dk = 1, and the convergence error of the couple {λk (θ) , dk}
is defined as,
εlocal =
E
{
(λk,j (θ) dk,j)
2 − (λk,j−1 (θ) dk,j−1)2
}
E
{
(λk,j (θ) dk,j)
2} = 1− E
{
λ2k,j−1 (θ)
}
E
{
λ2k,j (θ)
} (6)
which measures the difference between λk,j (θ) and λk,j−1 (θ) and the calcu-
lation is stopped when λk,j (θ) is almost the same as λk,j−1 (θ). Further, the
stop criterion of the number k that are retained of the stochastic solution
u (θ) is defined as
εglobal =
E
{
u2k (θ)− u2k−1 (θ)
}
E {u2k (θ)}
= 1−
k−1∑
i,j=1
E {λi (θ)λj (θ)} dTi dj
k∑
i,j=1
E {λi (θ)λj (θ)} dTi dj
(7)
In a practical way, the stochastic global stiffness matrixK (θ) and stochas-
tic global load vector F (θ) in stochastic finite element equation Eq.(1) are
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obtained by assembling stochastic element stiffness matrices and stochastic
element load vector as
K (θ) =
M∑
l=0
ξl (θ)Kl, F (θ) =
Q∑
m=0
ηm (θ)Fm (8)
Based on Eq.(8), Eq.(4) can be simplified and written as
K˜kkdk =
Q∑
m=0
hmkFm −
k−1∑
i=1
K˜ikdi (9)
where deterministic matrices K˜ij are given by
K˜ij =
M∑
l=0
clijKl (10)
and coefficients cijk and hij are computed by
cijk = E {ξi (θ)λj (θ)λk (θ)} , hij = E {ηi (θ)λj (θ)} (11)
The size of K˜ij in Eq.(10) is the same as the original stochastic finite
element equation Eq.(1), which can be solved by existing deterministic FEM
techniques [31, 32], thus it is readily applied to large-scale stochastic prob-
lems. Similarly, Eq.(5) can be simplified and written as
ak (θ)λk (θ) = bk (θ) (12)
where random variables ak (θ) and bk (θ) are given by
ak (θ) =
M∑
l=0
gklkξl (θ), bk (θ) =
Q∑
m=0
fkmηm (θ)−
k−1∑
i=1
M∑
l=0
gkliξl (θ)λi (θ) (13)
and coefficients gijk and fij are computed by
gijk = d
T
i Kjdk, fij = d
T
i Fj (14)
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The common methods solving Eq.(12) by representing the random vari-
able λk(θ) in terms of a set of polynomial chaos have expensive computa-
tional costs [25, 27]. In order to avoid this difficulty, a sample-based method
is adopted to determine λk(θ). For sample realizations {θ(n)}Nn=1 of all con-
sidered random parameters θ, sample matrices of random variables ak (θ) and
bk (θ) are written as
a˜k (θ) = ξ˜ (θ)gk,·,k, b˜k (θ) = η˜ (θ) fk −
(
ξ˜ (θ)gk,·,1:k−1  λ˜(k−1) (θ)
)
[1](k−1)×1
(15)
where a˜k (θ) , b˜k (θ) ∈ RN×1,  reprents element-by-element multiplication
of ξ˜ (θ)gk,·,1:k−1 and λ˜(k−1) (θ), and the sample matrices of random variables
{ξi (θ)}Mi=0, {ηi (θ)}Qi=0, {λi (θ)}k−1i=1 are given by
ξ˜ (θ) =

1 ξ1
(
θ(1)
) · · · ξM (θ(1))
...
...
. . .
...
1 ξ1
(
θ(N)
) · · · ξM (θ(N))
 ∈ RN×(M+1) (16)
η˜ (θ) =

1 η1
(
θ(1)
) · · · ηQ (θ(1))
...
...
. . .
...
1 η1
(
θ(N)
) · · · ηQ (θ(N))
 ∈ RN×(Q+1) (17)
λ˜(k−1) (θ) =

λ1
(
θ(1)
) · · · λk−1 (θ(1))
...
. . .
...
λ1
(
θ(N)
) · · · λk−1 (θ(N))
 ∈ RN×(k−1) (18)
and the coefficient matrices are obtained by
gk = [gkij] ∈ R(M+1)×k, fk = [fkm] ∈ R(Q+1)×1 (19)
where gk,·,k ∈ R(M+1)×1 represents the k-th column of the matrix gk and
gk,·,1:k−1 ∈ R(M+1)×k−1 represents the 1-st column to (k − 1)-th column of
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the matrix gk. By use of the sample realizations a˜k (θ) and b˜k (θ), sample
realizations λ˜k (θ) of the random variable λk (θ) can be obtained by
λ˜k (θ) =
a˜k (θ)
b˜k (θ)
(20)
Statistics methods are readily introduced to obtain probability character-
istics of the random variable λk(θ) from samples λ˜k (θ). The computational
cost for solving Eq.(20) mainly comes from computing the sample vectors
a˜k (θ) and b˜k (θ) in Eq.(15). It is very low even for high-dimensional stochas-
tic problems, that is, Eq.(15) is insensitive to the dimensions of ξ˜ (θ) and
η˜ (θ), which avoid the Curse of Dimensionality to great extent. Hence, the
proposed method is particularly appropriate for high-dimensional stochastic
problems in practice.
3. Reliability analysis
Reliability analysis is typically described by a scalar limit state function
g (θ) and corresponding failure probability PF , which requires the evaluation
of the following multidimensional integral [3, 4]
PF =
∫
g(θ)≤0
f (θ) dθ (21)
where g (θ) ≤ 0 is the failure domain, f (θ) represents the joint probability
density function (PDF) of random variables associated with system param-
eters and environmental sources. The integral Eq.(21) for determining the
failure probability is usually difficult to evaluate since the limit state surface
or failure surface g (θ) = 0 has a very complicated geometry and f (θ) is
defined in high-dimensional stochastic spaces. In most cases the form of the
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limit state function g (θ) is not known explicitly and numerical methods are
employed for the evaluation of Eq.(21). Existing reliability analysis meth-
ods generally evaluate the failure probability of a single point. For general
purpose, the spatial limit state function g (x, θ) is considered as a vector func-
tion of spatial positions x. Similarly, the spatial failure probability function
PF (x) is defined as
PF (x) =
∫
g(x,θ)≤0
f (x, θ) dθ (22)
Due to the introduction of spatial positions x, the failure probability
function PF (x) in Eq.(22) is more difficult to compute than that in Eq.(21).
In fact, g (x, θ) is typically represents a complicated relation between the
inputs and the failure modes via the solution of a potential highly complex
stochastic system. Here, we compute the solution of the complex stochastic
system by use of SFEM mentioned in Section 2. Considering the stochastic
response u (θ) =
k∑
i=1
λi (θ) di and substituting it into g (x, θ) yield
g (x, θ) = g
(
k∑
i=1
λi (θ) di
)
(23)
where the random parameters of the system are integrated in the random
variables {λi (θ)}ki=1 and the spatial parameter x is discretized and embedded
in the deterministic vectors {di}ki=1. Thus, the failure probability function
PF (x) in Eq.(22) can be rewritten as
PF (x) = Pr
[
g
(
k∑
i=1
λi (θ) di
)
≤ 0
]
(24)
The most straightforward and efficient way to compute Eq.(24) is Monte
Carlo simulation and its variations, where random samples are generated
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according to the distribution of θ. Numbers of the points land in the failure
domain are counted to estimate the failure probability. Similar to the process
of Monte Carlo simulation, we utilize a sample-based method to estimate
Eq.(24). Random samples
{
λi
(
θ(n)
)}N
n=1
(N is the number of samples) in
Eq.(24) have been generated by use of Eq.(20), thus the failure probability
function PF (x) can be evaluated in the following form
PF (x) =
1
N
N∑
n=1
I
[
g
(
k∑
i=1
λi
(
θ(n)
)
di
)]
(25)
where I (·) is the indicator function satisfying
I (s) =
 1, s ≤ 00, s > 0 (26)
The proposed method in Eq.(25) combines the high accuracy of sampling
methods and the high efficiency of non-sampling methods. On one hand,
as a sample-based method, it has a comparable accuracy with Monte Carlo
method, and the accuracy increases as the number of samples increases. On
the other, it doesn’t require a full-scale simulation of the underlying system
for each sample point and only depends on the solution obtained by SFEM,
thus the computing efficiency is greatly improved. In addition, Eq.(25) can
compute the failure probability PF (xi) for each spatial point xi once time,
which provides a simple but effective way to identify multiple failure modes
of complex structures. Hence, the proposed method provides an efficient and
unified framework for reliability analysis, and is particularly appropriate for
high-dimensional and complex stochastic problems in practice.
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Algorithm 1
1: Initialize samples of the random variables
{
ξl
(
θ(n)
)}N
n=1
, l = 1, · · · ,M
and
{
ηm
(
θ(n)
)}N
n=1
, m = 1, · · · , Q;
2: while εglobal > ε1 do
3: Initialize samples of the random variable
{
λk,0
(
θ(n)
)}N
n=1
;
4: repeat
5: Compute the response component dk,j by solving Eq.(9);
6: Compute the random variable λk,j (θ) via Eq.(20);
7: until εlocal < ε2
8: uk (θ) =
k−1∑
i=1
λi (θ) di + λk (θ) dk, k ≥ 2;
9: end while
10: Compute the spatial limit state function g (x, θ) via Eq.(23);
11: Compute the spatial failure probability function PF (x) via Eq.(25);
4. Algorithm implementation
The resulting procedures for solving the stochastic finite element equation
Eq.(1) and computing the the failure probability function PF (x) via Eq.(22)
are summarized in Algorithm 1, which includes two parts in turn. The first
part is from step 2 to step 9, which is to compute the stochastic response
u (θ) and includes a double-loop iteration procedure. The inner loop, which
is from step 4 to step 7, is used to determine the couple of {λk(θ), dk}, while
the outer loop, which is from step 2 to step 9, corresponds to recursively
building the set of couples such that the approximate solution uk(θ) satisfies
Eq.(1). In step 2 and step 7, iteration errors εglobal and εlocal are calculated
via Eq.(7) and Eq.(6), and corresponding convergence errors ε1 and ε2 are
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required precisions. The second part includes step 10 and step 11, where the
limit state function g (x, θ) is generated in step 10 based on the stochastic
response u (θ) obtained in step 8 and the failure probability function PF (x)
is computed in step 11.
5. Numerical examples
In this section, we present three examples, including the reliability analy-
sis of a beam-bar frame, the reliability analysis of a roof truss defined in
100-dimensional stochastic spaces and the global reliability analysis of a
plate, to illustrate the accuracy and efficiency of the proposed method in
comparison to 1 × 106 times Monte Carlo simulations. For all considered
examples, 1 × 106 initial samples for each random variable {ξl (θ(n))}1×106n=1 ,
Figure 1: Model of the two-layer frame.
14
{
ηm
(
θ(n)
)}1×106
n=1
and
{
λk,0
(
θ(n)
)}1×106
n=1
are generated, and the convergence
errors in step 2 and step 7 of Algorithm 1 are set as ε1 = 1 × 10−5 and
ε2 = 1× 10−3, respectively.
5.1. Reliability analysis of a beam-bar frame
A two-layer frame is shown in Fig.1, which consists of horizontal and ver-
tical beams, and is stabilized with diagonal bars. Probability distributions
of independent random variables associated with material properties, geom-
etry properties and loads are listed in Table 1. In this example, we consider
the failure probability of a single point and the limit state function g (θ) is
defined by the maximum joint displacement of the frame as
g (θ) = max
i
√
u2xi + u
2
yi
− c · umean (27)
where umean = mean
(
max
i
√
u2xi (θ) + u
2
yi
(θ)
)
is the mean value of the max-
imum joint displacement, and the scalar c is related to different failure prob-
Table 1: Probability distributions of random variables in the Example 5.1.
variable description distribution mean variance
Ebeam Youngs modulus of beam normal 210 MPa 0.2
Abeam cross-sectional area of beam lognormal 100 mm
2 0.2
Ibeam moment of inertia of beam lognormal 800 mm
4 0.2
Ebar Youngs modulus of bar normal 210 MPa 0.2
Abar cross-sectional area of bar lognormal 100 mm
2 0.2
F1 load 1 normal 10 kN 0.2
F2 load 2 normal 10 kN 0.2
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abilities, that is, the failure probability decreases as the scalar c increases. In
this paper, the maximum joint displacement of the frame can be identified
automatically by the proposed method instead of selecting manually, since
the proposed method can calculate the stochastic response of all nodes once
time.
In order to compute the failure probability Pf , we firstly compute the
stochastic response of the frame by using the first part of Algorithm 1. It
is seen from Fig.2 that only 4 iterations can achieve the required precision
ε1 = 1× 10−5, which demonstrates the fast convergence rate of the proposed
method. Correspondingly, the number of couples {λk (θ) , dk} that consti-
tute the stochastic response is adopted as k = 4, as shown in Fig.3. With
the increasing of the number of couples, the ranges of corresponding random
variables are more closely approaching to zero, which indicates that the con-
1 2 3 4
k
10-6
10-4
10-2
100
E
r
r
o
r
Figure 2: Iteration errors of different retained items.
16
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0.08 0.09 0.1 0.11
0
50
100
P
D
F
λ1
d2
-2 0 2
×10-3
0
200
400
600
800
λ2
d3
-1 0 1
×10-3
0
500
1000
1500
2000
2500
λ3
d4
-5 0 5
×10-4
0
1000
2000
3000
4000
λ4
Figure 3: Solutions of the couples {λi (θ) , di}4i=1.
1.01 1.06 1.11 1.16
c
10-6
10-4
10-2
100
P
f
Monte Carlo
SFEM
Absolute Error
Figure 4: Failure probabilities of different scalar c.
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tribution of the higher order random variables to the approximate solution
decays dramatically.
Based on the stochastic response obtained by SFEM, failure probabilities
of different scalar c are shown in Fig.4, here the scalar c is set from 1.01 to
1.16. The failure probability Pf computed from the proposed method ranges
from 100 to 10−6, which is fairly close to that obtained from the Monte
Carlo simulation even for a very small failure probability. The absolute error
between the proposed method and MC simulation demonstrate the accuracy
and efficiency of the proposed method.
5.2. Reliability analysis of a roof truss
In this example, we consider that a stochastic wind load acts vertically
downward on a roof truss. As shown in Fig.5, the roof truss from [28] in-
cludes 185 spatial nodes and 664 elements, where material properties of all
members are set as Young’s modulus E = 209GPa and cross-sectional areas
9× 3
8× 3
2× 2.16
Figure 5: Model of the roof truss.
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A = 16cm2. The stochastic wind load f (x, y, θ) is a random field with the
covariance function Cff (x1, y1;x2, y2) = σ
2
fe
−|x1−x2|/lx−|y1−y2|/ly , where the
variance σ2f = 1.2, the correlation lengths lx = ly = 24, and it can be ex-
panded into a series form by use of Karhunen-Loe`ve expansion [29, 30, 33]
with M -term truncated as
f (x, y, θ) =
M∑
i=0
ξi (θ)
√
νifi (x, y) (28)
where {ξi (θ)}Mi=1 are uncorrelated standard Gaussian random variables, νi
and fi (x, y) are eigenvalues and eigenfunctions of the covariance function
Cff (x1, y1;x2, y2), which can be obtained by solving a eigen equation [34],
ν0 = ξ0 (θ) ≡ 1 and the mean function f0 (x, y) = 10kN.
Similar to Example 5.1, we consider the failure probability at the max-
imum displacement of the roof truss and the limit state function g (θ) is
defined by the maximum displacement as
g (θ) = max
i
ui (θ)− c · umean (29)
where umean = mean
(
max
i
ui (θ)
)
is the mean value of the maximum dis-
placement, ui (θ) are vertical displacements of all spatial nodes, and the scalar
c is related to different failure probabilities.
A stochastic finite element equation of the stochastic response u (θ) is
obtained based on the expansion Eq.(28) of the stochastic wind load. In
order to show the effectiveness of the proposed method for high-dimensional
reliability analysis, we adopt the stochastic dimension M = 100 in Eq.(28).
It is seen from Fig.6 that seven iterations can achieve the required preci-
sion ε1 = 1 × 10−5, which indicates the fast convergence rate of the pro-
posed method even for very high stochastic dimensions. The deterministic
19
1 2 3 4 5 6 7
k
10-6
10-4
10-2
100
E
r
r
o
r
Figure 6: Iteration errors of different retained items.
d1
0.030.040.05
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λ2
d3
-2 0 2
×10-3
100
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λ3
d4
-2 0 2
×10-3
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-1 0 1
×10-3
200
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800
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1400
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d6
-5 0 5
×10-4
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1000
1500
2000
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λ6
d7
-4 -2 0 2 4
×10-4
2000
4000
λ7
Figure 7: Solutions of the couples {λi (θ) , di}7i=1.
response components {di}7i=1 and corresponding random variables {λi (θ)}7i=1
are shown in Fig.7. The computational time for solving couples {λi (θ) , di}7i=1
in this example is less than half a minute by use of a personal laptop (dual-
core, Intel i7, 2.40GHz), which indicates that Algorithm 1 is still less com-
putational costs for high-dimensional stochastic problems.
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The resulted approximate probability density function (PDF) of the max-
imum stochastic displacement of the whole roof truss compared with that
obtained from the Monte Carlo simulation is seen in Fig.8, which indicates
that the result of seven-term approximation is in very good accordance with
that from the Monte Carlo simulation. Further increasing the number of
couples won’t significantly improve the accuracy since the series in Eq.(2)
has converged. It is noted that, the tail of the probability distribution is
crucial for reliability analysis. The proposed method is sample-based, which
provides the possibility for high-precision reliability analysis.
4 5 6 7 8
0
0.2
0.4
0.6
0.8
1
PD
F
Monte Carlo
SFEM
Figure 8: PDF of the maximum displacement
In this example, the scalar parameter c in Eq.29 is set from 1.10 to 1.31,
and failure probabilities of different scalar c are shown in Fig.9. The accuracy
and efficiency of the proposed method is verified again in comparison to the
Monte Carlo simulation. The accuracy is reduced when the failure proba-
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bility Pf is close to 10
−6, but it is still very close to that from the Monte
Carlo simulation. In this sense, the Curse of Dimensionality encountered
in high-dimensional reliability analysis, can be overcome successfully with
cheap computational costs.
1.1 1.15 1.2 1.25 1.3
c
10-6
10-5
10-3
10-1
P
f
Monte Carlo
SFEM
Absolute Error
Figure 9: Failure probabilities of different scalar c.
5.3. Global reliability analysis of a plate
In this example, we consider a Kirchhoff-Love thin plate subjected to a
deterministic distributed load q = −10kN/m2 and simply supported on four
edges, which is modified from [35]. As shown in Fig.10, parameters of this
problem are set as length L = 4m, width D = 2m, thickness t = 0.05m and
Poisson’s ratio ν = 0.3. For the sake of simplicity, we neglect self-weight
of the plate and assume Young’s modulus E (x, y, θ) as the realization of
a Gaussian random field with mean function µE = 210GPa and covariance
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function CEE (x1, y1;x2, y2) = σ
2
Ee
−|x1−x2|/lx−|y1−y2|/ly with correlation lengths
lx = 2m, ly = 4m, σE = 22GPa, lx = 2m, ly = 4m. Similar to Eq.28, Young’s
modulus E (x, y, θ) is represented by Karhunen-Loe`ve expansion with 10-
term truncated as
E (x, y, θ) = µE +
10∑
i=1
ξi (θ)Ei (x, y) (30)
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without a considerable increment in the computational cost, since all computations using the SSFEM with
the projection on the homogeneous chaos approach were completed in terms of minutes.
4.4.5 Love-Kirchhoff plate
A thin plate with length 4 m, width 2 m and thickness t = 0.05 m, simply supported on its four edges, is
subjected to a static distributed load, q = −10 kN/m2, as shown in Figure 4.17. The Poisson ratio is set to be
ν = 0.3 and the self-weight of the plate is neglected.
The Young modulus is assumed to be uncertain, so that it is described by a 2D random field with
known mean value µE = 210 GPa and standard deviation σE = 22 GPa. The field is described by a 2D
exponential covariance kernel C(x1,x2) = exp (− |x1 − y1| /l1 − |x2 − y2| /l2), with correlation lengths
in x e y, l1 = 1 and l2 = 2. The plate is divided into 800 MZC (Melosh-Zienkiewicz-Cheung) plate finite
elements, then, a total of 861 nodes and 2583 degrees of freedom are defined.
Figure 4.17 – Love-Kirchhoff plate: Model definition (units in m).
A complete presentation of the finite element theory of plates (either Love-Kirchhoff or Reissner-Mindlin)
is presented in Oñate (2009b). In this case, the vector of movements is given by u = [w, θx, θy]T, where w is
the vertical displacement of the plate (deflection), and θx, θy are the rotations in the x and y axes, respectively.
For instance, using the four-noded MZC plate element, the stiffness matrix and force vector of each element
are given by:
K(e) =
ˆ 1
−1
ˆ 1
−1
BTb (ξ, η)DˆbBb(ξ, η)
∣∣∣J(e)(ξ, η)∣∣∣ dξdη
=
ω
ab

b2
a2
− ν5 + a
2
b2
+ 710
2 ν
5 +
b2
a2
+ 110
2 ν
5 +
a2
b2
+ 110 · · · a
2
b2
− ν10 + 110
2 ν
5 +
b2
a2
+ 110
4 b2
3 a2
− 4 ν15 + 415 ν · · · 0
2 ν
5 +
a2
b2
+ 110 ν
4 a2
3 b2
− 4 ν15 + 415 · · · ν15 + 2a
2
3 b2
− 115
...
...
...
. . .
...
a2
b2
− ν10 + 110 0 ν15 + 2 a
2
3 b2
− 115 · · · 4 a
2
3 b2
− 4 ν15 + 415

12×12
q=-10 kN/m2
Figure 10: Model of the plate.
In this example, we consider the failure probabilities of all spatial points,
which can be considered as a global reliability analysis. The global limit
state function g (x, θ) is defined by the stochastic displacement of the plate
exceeding a critical threshold as,
g (x, θ) = uω (x, θ)− c · uω,mean (x) (31)
where uω (x, θ) is the vertical stochastic displacement field of all spatial nodes,
uω,mean (x) = mean (uω (x, θ)) is corresponding mean displacement field of
uω (x, θ), and the scalar parameter is adopted as c = 1.35.
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Figure 11: Iteration errors of different retained items.
Figure 12: Solutions of the couples {λi (θ) , di}6i=1.
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Here we use Kirchhoff-Love finite element theory of plates and four-
node Melosh-Zienkiewicz-Cheung (MZC) element to divide the plate into
861 nodes and 800 elements. The unknown node displacement u(θ) is intro-
duced as u(θ) = [uω(θ), ux(θ), uy(θ)]
T , which are the vertical displacement,
rotations in x and y axes, respectively, then 2583 degrees of freedom are de-
fined and corresponding stochastic finite element equation can be obtained.
As shown in Fig.11, the required precision ε1 = 1×10−5 can be achieved after
six iterations, which demonstrate that the proposed method can be applied
to large-scale stochastic problems. Fig.12 shows the vertical displacement
components {di}6i=1 and corresponding random variables {λi (θ)}6i=1, which
again indicates that the first few couples dominate the solution even for very
complex stochastic problems.
Figure 13: Failure probability nephogram
Based on the vertical stochastic displacement uω (x, θ) obtained by the
proposed method, the global failure probability Pf (x) of the plate can be
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calculated by use of Eq.(25), that is, the step 11 in Algorithm 1. The fail-
ure probability nephogram in a discrete form shown in Fig.13 has a good
accordance with that from the Monte Carlo simulation, which demonstrates
the effectiveness and accuracy of the proposed method for global reliability
analysis. It is noted that, failure probabilities Pf (xi) of all spatial nodes con-
stitute the global failure probability Pf (x) in Fig.13, thus some difficulties
encountered in existing approaches can be circumvented, such as computing
the design point (a point lying on the failure surface which has the highest
probability density among other points on the failure surface). In this way,
the proposed method presents a new strategy for reliability analysis.
6. Conclusion
This paper proposes an efficient and unified methodology for structural
reliability analysis and illustrates its accuracy and efficiency using three prac-
tical examples. The proposed method firstly compute structural stochastic
responses by using a novel stochastic finite element method and the fail-
ure probability is subsequently calculated based on the obtained stochastic
responses. As shown in three considered examples, the proposed method
has the same implementation procedure for different problems and allows
to deal with high-dimensional and large-scale stochastic problems with very
low computational costs. The Curse of Dimensionality encountered in high-
dimensional reliability analysis can thus be circumvented with great success.
In addition, the proposed method gives a high-precision solution of global
reliability analysis, which overcomes some difficulties encountered in existing
approaches and provides a new strategy for reliability analysis of complex
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problems. In these senses, the methodology proposed in this paper is partic-
ularly appropriate for large-scale and high-dimensional reliability analysis of
practical interests and has great potential in the reliability analysis in science
and engineering. In the follow-up research, we hopefully further improve the
theoretical analysis of the proposed method and apply it to a wider range of
problems, such as reliability analysis of time-dependent problems and non-
linear problems [36, 37, 38].
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